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In the article [S. Yang, A. Fang, A new characteristic of Möbius transformations in hyperbolic geometry, J. Math. Anal.
Appl. 319 (2) (2006) 660–664], we gave a new characterization of Möbius transformations on B2 = {x ∈ R2: |x|  1} by
using Lambert quadrilaterals, which are deﬁned to be hyperbolic quadrilaterals with angles π2 ,
π
2 ,
π
2 , φ. Precisely, we
proved that for a continuous bijection f : B2 → B2, f is Möbius if and only if it preserves Lambert quadrilaterals in B2.
Our proof is based on a geometric approach. Among the proof of Lemma 3 in [1], it is stated that “Let O ABC be a Lambert
quadrilateral with  AOC < π2 and d(O , A) = d(O ,C), and let P be the intersection of the unit sphere with the geodesic
OC . Choose F on [C, P ] such that the angles  C F B and  C BF both equal π4 . This is possible since  C F B goes from π2 to 0
as F goes from C to P , and  C BF goes from 0 to π2 at the same time”. (Here O is the origin of B
2.) However, such F does
not exist since the area of the hyperbolic triangle C BF equals zero if both  C F B and  C BF are equal to π4 . We would like
to thank Oguzhan Demirel for pointing out this error. In this note, we will give a new proof of the main theorem in [1].
Theorem. Suppose f : B2 → B2 is a continuous bijection. Then f is Möbius if and only if f preserves Lambert quadrilaterals in B2 .
Proof. Denote by X ′ the image of X under f , by [A, B] the geodesic segment between points A and B , by AB the geodesic
through points A and B , by ABCD the hyperbolic quadrilateral with four ordered vertices A, B , C and D , and by  B AC the
angle between [A, B] and [A,C].
We may assume that f preserves Lambert quadrilaterals and f (O ) = O by composing an isometry if necessary.
Step 1. We claim that f preserves right angles. Start with a (hyperbolic) right triangle O AB with  O AB = π2 . Construct a
Lambert quadrilateral O ABC with  AOC < π2 . Then it is easy to see that  O
′A′B ′ = π2 by [1, Lemma 2].
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First, starting with a Lambert quadrilateral O ABC with  AOC < π2 , and reﬂecting on the geodesic OC , we get another
Lambert quadrilateral OCE F with  CO F < π2 . Let P and Q be the intersection of the unit sphere with the geodesic rays
OC and AB , respectively. There exists a point D either on the geodesic segment [C, P ] or on the arc P Q of the unit sphere,
such that  O BD equals π2 . There are two cases.
Case 1. D ∈ [C, P ]. Then  O ED also equals π2 . By Step 1 we know that all right angles are preserved under f . Let O A′B ′C ′
be ﬁxed ﬁrst. Then it is also a Lambert quadrilateral with  A′OC ′ < π2 . Since f is bijective and preserves right angles, the
image D ′ is then uniquely determined such that  O B ′D ′ = π2 and D ′ ∈ [C ′, P ′]. Extending the ray B ′C ′ to intersect with
the unit sphere at R ′ , say. Since  O R ′P ′ = 0 and  OC ′P ′ = π , the image E ′ is uniquely determined such that  O E ′D ′ = π2
and E ′ ∈ [C ′, R ′]. Note that given a point and a geodesic, there is a unique geodesic through the point and orthogonal to
the geodesic. Finally, F ′ is also uniquely determined such that F ′E ′ is orthogonal to C ′E ′ , and O F ′ is orthogonal to E ′F ′ . On
the other hand, if reﬂecting on the geodesic O P ′ after O A′B ′C ′ and D ′ are ﬁxed, one can also get a Lambert quadrilateral
OC ′E ′F ′ and a right angle  O E ′D ′ . Hence the two constructions must coincide and then we have that  C ′O F ′ =  C ′O A′ .
Case 2. D is on the arc P Q of the unit sphere. There is a unique geodesic DG through D and orthogonal to OC , where
G denotes the intersection point on the unit sphere. Then  O EG also equals π2 . Consider their images under f . Similarly as
the proof in Case 1, we can get that  C ′O F ′ =  C ′O A′ .
Secondly, construct a sequence of Lambert quadrilaterals O Ai Bi Ai+1, so that  Ai O Ai+1 = πp and d(O , Ai) = d(O , Ai+1),
where p is an integer and 1  i  p. Hence each O A′i B ′i A′i+1 is also a Lambert quadrilateral and  A′i O A′i+1 are equal for
all 1  i  p. Since f is injective and a1 = Ap+1, we must have A′1 = A′p+1. This implies each A′i O A′i+1 equals πp . Thus f
preserves qπp -valued angles at the vertex O , where p, q are integers. As f is continuous and the set of rational numbers is
dense in R, it follows that f preserves all angles.
Step 3. Claim that f preserves hyperbolic distance. Given a Lambert quadrilaterals O ABC with d(O , A) = d(O ,C), where d
is denoted by the hyperbolic distance. Then  ABO =  C BO by the Hyperbolic Sine Rule. Since f preserves angles, we see
that  A′B ′O =  C ′B ′O and  O A′B ′ =  OC ′D ′ = π2 . Using the Hyperbolic Sine Rule again, we get that d(O , A′) = d(O ,C ′).
Note that O A′B ′C ′ is also a Lambert quadrilateral and  A′OC ′ =  AOC . Thus d(O , A′) = d(O , A) by [1, Lemma 1].
Step 4. Let x, y in B2 be arbitrary points. Then d(O , x) = d(O , x′) and d(O , y) = d(O , y′), namely, |x| = |x′| and |y| = |y′|,
where | · | denotes the Euclidean norm. Therefore |x− y| = |x′ − y′|, since f preserves angular sizes by Step 2. As 2(x, y) =
|x|2 + |y|2 − |x− y|2, f preserves inner-products and then is the restriction on B2 of an orthogonal transformation, that is,
f is Möbius. 
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